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Part I: Outline
1. Primer on Graph Machine Learning

1. Graph Representations: A Primer
2. Early Methods
3. Graph Neural Networks (GNN)
4. Graph Convolutions
5. Graph Isomorphism and Expressivity
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• Set of Nodes = 𝑉
• Optionally with features 𝑋

• Set of Edges = 𝐸

• Adjacency Matrix  = 𝐴

4

{ , , … }
,{ , … }

Graphs



Graphs
• Graphs G are defined by:
• Vertices
• Edges (undirected)
• Adjacency matrix
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V = {v1, . . . , vn}
<latexit sha1_base64="FVcgVz5/aQxyihZgnA2/ySiFF5I="></latexit>

E = {ek = {i, j} : i, j 2 V } ✓ V ⇥ V
<latexit sha1_base64="jBvzaCebPO0FpjkFKkHL0h5mO+0=">AAACEXicbVDLSgNBEJyNrxhfqx69DAYhgoRdURRBiIrgwUME84AkhNnJbDJmdnaZ6VXCkl/w4q948aCIV2/e/Bsnj4MmFjQUVd10d3mR4Boc59tKzczOzS+kFzNLyyura/b6RlmHsaKsREMRqqpHNBNcshJwEKwaKUYCT7CK170Y+JV7pjQP5S30ItYISFtyn1MCRmraubMTTJoJ37vrn7q4fs18ULzdAaJU+IBzRt/FdS7xZdPOOnlnCDxN3DHJojGKTfur3gppHDAJVBCta64TQSMhCjgVrJ+px5pFhHZJm9UMlSRgupEMP+rjHaO0sB8qUxLwUP09kZBA617gmc6AQEdPegPxP68Wg3/cSLiMYmCSjhb5scAQ4kE8uMUVoyB6hhCquLkV0w5RhIIJMWNCcCdfnibl/bx7mHduDrKF83EcabSFtlEOuegIFdAVKqISougRPaNX9GY9WS/Wu/Uxak1Z45lN9AfW5w9fkJt3</latexit>

A : ai,j = 1 , (i, j) 2 E
<latexit sha1_base64="M9oxcIaMVXmOfS51qNmVKzUtRXg=">AAACAXicbVDLSgNBEJz1GeNr1YvgZTAIEULYFUUvQlREjxHMA7JLmJ3MJkNmH8z0CmGJF3/FiwdFvPoX3vwbJ8keNLGgoajqprvLiwVXYFnfxtz8wuLScm4lv7q2vrFpbm3XVZRIymo0EpFsekQxwUNWAw6CNWPJSOAJ1vD6VyO/8cCk4lF4D4OYuQHphtznlICW2ubuzbkjmA9FXC/h6xK+wI7k3R4cts2CVbbGwLPEzkgBZai2zS+nE9EkYCFQQZRq2VYMbkokcCrYMO8kisWE9kmXtTQNScCUm44/GOIDrXSwH0ldIeCx+nsiJYFSg8DTnQGBnpr2RuJ/XisB/8xNeRgnwEI6WeQnAkOER3HgDpeMghhoQqjk+lZMe0QSCjq0vA7Bnn55ltSPyvZJ2bo7LlQuszhyaA/toyKy0SmqoFtURTVE0SN6Rq/ozXgyXox342PSOmdkMzvoD4zPH/jnlKk=</latexit>

G = (V,E,A)

Illustration credit: Bronstein et al. (2021)

• Neighborhood: 
• Degree:

<latexit sha1_base64="kz4OkPBpFEKlDH3SQ+TTVwr719M=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGFEUQiiK4kgr2AZ1SMmmmTZvJDMkdoQz9DDf+ihsXirjtzr8xfSy0eiBwOOdebs7xIsE12PaXlVpYXFpeSa9m1tY3Nrey2ztVHcaKsgoNRajqHtFMcMkqwEGweqQYCTzBal7/euzXHpnSPJQPMIhYMyAdyX1OCRiplT1yAwJdSkRyN8zzAr7ErmA+uEnvAuf5Ya+AXS7xDXYV73TBHbayObtoT4D/EmdGcmiGcis7ctshjQMmgQqidcOxI2gmRAGngg0zbqxZRGifdFjDUEkCppvJJNgQHxiljf1QmScBT9SfGwkJtB4Enpkcx9Dz3lj8z2vE4J83Ey6jGJik00N+LDCEeNwSbnPFKIiBIYQqbv6KaZcoQsF0mTElOPOR/5LqcdE5Ldr3J7nS1ayONNpD+yiPHHSGSugWlVEFUfSEXtAbereerVfrw/qcjqas2c4u+gVr9A2/v55V</latexit>

N (i) = {j : (i, j) 2 E}
<latexit sha1_base64="wRBdCdW9U+h17yaWEEiDGLmCSzc=">AAAB/3icbVDLSsNAFL2pr1pfUcGNm8Ei1E1JRNGNUHTjSirYB7QhTCaTdujkwcxEKGkX/oobF4q49Tfc+TdO2yy09cDA4Zx7uWeOl3AmlWV9G4Wl5ZXVteJ6aWNza3vH3N1ryjgVhDZIzGPR9rCknEW0oZjitJ0IikOP05Y3uJn4rUcqJIujBzVMqBPiXsQCRrDSkmse+C5DV2jUDbHqE8yzu3GFnYxcs2xVrSnQIrFzUoYcddf86voxSUMaKcKxlB3bSpSTYaEY4XRc6qaSJpgMcI92NI1wSKWTTfOP0bFWfBTEQr9Ioan6eyPDoZTD0NOTk5hy3puI/3mdVAWXTsaiJFU0IrNDQcqRitGkDOQzQYniQ00wEUxnRaSPBSZKV1bSJdjzX14kzdOqfV617s/Kteu8jiIcwhFUwIYLqMEt1KEBBEbwDK/wZjwZL8a78TEbLRj5zj78gfH5A+W5lWI=</latexit>

di = |N (i)|
• Attributes:

• Node features:

• Edge features:

<latexit sha1_base64="LXRQBeCZ7IBGxFoN08ON28LGV6g=">AAACD3icbVC7TsMwFHXKq5RXgJHFogIxVQkCgZgqWBgLog+pCZXjOK1Vx4lsB6ii/AELv8LCAEKsrGz8DU6bAVqOdKWjc+7Vvfd4MaNSWda3UZqbX1hcKi9XVlbX1jfMza2WjBKBSRNHLBIdD0nCKCdNRRUjnVgQFHqMtL3hRe6374iQNOI3ahQTN0R9TgOKkdJSz9x3QqQGXpA+ZGewBR1B+wOFhIju4cTx0uvs1u+ZVatmjQFniV2QKijQ6Jlfjh/hJCRcYYak7NpWrNwUCUUxI1nFSSSJER6iPulqylFIpJuO/8ngnlZ8GERCF1dwrP6eSFEo5Sj0dGd+o5z2cvE/r5uo4NRNKY8TRTieLAoSBlUE83CgTwXBio00QVhQfSvEAyQQVjrCig7Bnn55lrQOa/Zxzbo6qtbPizjKYAfsggNggxNQB5egAZoAg0fwDF7Bm/FkvBjvxsektWQUM9vgD4zPH0zjnNQ=</latexit>

x : V ! Rd

<latexit sha1_base64="QZ8gh6a6yQ/Gbgtfi3ijrCrkRKw=">AAACEnicbVDLSsNAFJ34rPUVdelmsIi6KYkoiquiCC6r2Ac0sUwmk3boJBNmJkoJ+QY3/oobF4q4deXOv3HSZqGtBy4czrmXe+/xYkalsqxvY2Z2bn5hsbRUXl5ZXVs3NzabkicCkwbmjIu2hyRhNCINRRUj7VgQFHqMtLzBRe637omQlEe3ahgTN0S9iAYUI6WlrnnghEj1vSAl2Rm8hI6gvb5CQvAHOHa89Ca7S/29rGtWrKo1ApwmdkEqoEC9a345PsdJSCKFGZKyY1uxclMkFMWMZGUnkSRGeIB6pKNphEIi3XT0UgZ3teLDgAtdkYIj9fdEikIph6GnO/Mz5aSXi/95nUQFp25KozhRJMLjRUHCoOIwzwf6VBCs2FAThAXVt0LcRwJhpVMs6xDsyZenSfOwah9XreujSu28iKMEtsEO2Ac2OAE1cAXqoAEweATP4BW8GU/Gi/FufIxbZ4xiZgv8gfH5A2JNne0=</latexit>

e : E ! Rd0

<latexit sha1_base64="Jto2br8Q05+ugsZGMu7MyHrtl7w=">AAACK3icbVDLSgMxFM3Ud31VXboJFqFCKTOiKK6kblxWsA/o1JJJM21oJjMkd8Qy9H/c+CsudOEDt/6HmbZCbT0QOJxz7829x4sE12DbH1ZmYXFpeWV1Lbu+sbm1ndvZrekwVpRVaShC1fCIZoJLVgUOgjUixUjgCVb3+lepX79nSvNQ3sIgYq2AdCX3OSVgpHau7AYEep6fNIYX2BXMhwL+lR6GbaeI3U4IujgtSuwq3u3B0Z0LYZRt5/J2yR4BzxNnQvJogko792Jm0jhgEqggWjcdO4JWQhRwKtgw68aaRYT2SZc1DZUkYLqVjG4d4kOjdLAfKvMk4JE63ZGQQOtB4JnKdGM966Xif14zBv+8lXAZxcAkHX/kxwJDiNPgcIcrRkEMDCFUcbMrpj2iCAUTbxqCM3vyPKkdl5zTkn1zkr8sT+JYRfvoABWQg87QJbpGFVRFFD2iZ/SG3q0n69X6tL7GpRlr0rOH/sD6/gHSl6dr</latexit>

X : (x1, . . . ,xn)
>

https://geometricdeeplearning.com/


Abundance of graph-structured data
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Knowledge graphsSocial networks

Networks of neurons

Biomedical networks

The syntax of language and codeMolecular structure

3D shapes



Types of tasks
• Node-level tasks

o Node classification
o Node clustering
o Node regression

• Edge-level tasks
o Link prediction
o Edge classification
o Knowledge graph completion

• Graph-level tasks
o Graph classification
o Graph regression
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What is graph representation learning?
Goal: To learn useful node and graph representations 
without hand-crafted features
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vecnode 2

vecgraph 2
f : R|V|⇥|V| ! Rd

<latexit sha1_base64="igDdWpjGmSwr8K55g3UlJizYrIc="></latexit>

g : R|V| ! Rd
<latexit sha1_base64="4i7RyKwypnFWSG7aPekcujbMtsI="></latexit>

zG 2 Rd
<latexit sha1_base64="TqO9h8iQWXXrrkFQ3AfrYXh1N2g="></latexit>

zu 2 Rd
<latexit sha1_base64="tByWh05iMI/et79k5QsaKX3n6d4="></latexit>

u
<latexit sha1_base64="kwuvsbvcDISvdq8Q4o+u7+3oOk0=">AAACIHicbVDLTsJAFJ3iC/AFunTTSExckRZNdEl04xISeSTQkOn0FibMTJuZqYY0/QK3+gN+jTvjUr/GAboQ8CYzOTnn3px7jx8zqrTjfFuFre2d3b1iqbx/cHh0XKmedFWUSAIdErFI9n2sgFEBHU01g34sAXOfQc+f3s/13hNIRSPxqGcxeByPBQ0pwdpQ7WRUqTl1Z1H2JnBzUEN5tUZVqzQMIpJwEJowrNTAdWLtpVhqShhk5WGiIMZkiscwMFBgDspLF5tm9oVhAjuMpHlC2wv270SKuVIz7ptOjvVErWtz8j9tkOjw1kupiBMNgiyNwoTZOrLnZ9sBlUA0mxmAiaRmV5tMsMREm3DKQwHPJOIciyAdGnfzGQc/zFaVbi4QzNJulpVNeO56VJug26i7V/VG+7rWvMtjLKIzdI4ukYtuUBM9oBbqIIIAvaBX9Ga9Wx/Wp/W1bC1Y+cwpWinr5xcCIaN7</latexit>

G
<latexit sha1_base64="5bdH09eFIp3URHzaGEsPisl550U=">AAACKnicbZDLSsNAFIYn9dbWW6tLN8EiuCpJFXRZdKHLCjYtNKVMppN26FzCzEQpIY/hVl/Ap3FX3PogTtIsbOuBAz//fw7n8AURJUo7zsIqbW3v7O6VK9X9g8Oj41r9xFMilgh3kaBC9gOoMCUcdzXRFPcjiSELKO4Fs/ss771gqYjgz3oe4SGDE05CgqA21sBnUE8RpMlDOqo1nKaTl70p3EI0QFGdUd2q+GOBYoa5RhQqNXCdSA8TKDVBFKdVP1Y4gmgGJ3hgJIcMq2GS/5zaF8YZ26GQprm2c/fvRgKZUnMWmMnsR7WeZeZ/2SDW4e0wITyKNeZoeSiMqa2FnQGwx0RipOncCIgkMb/aaAolRNpgqvocvyLBGOTjxDfXk5xQEKariVcEGTovTasGnruOalN4raZ71Ww9XTfadwXGMjgD5+ASuOAGtMEj6IAuQECAN/AOPqxP68taWN/L0ZJV7JyClbJ+fgF8EKff</latexit>



Why is it hard?

• Most deep learning methods are designed for regular sequences:
• CNNs for regular grids: audio (1D), images (2D/3D), …

• RNNs for sequences: text, audio, … 
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Graphs lack 
such regular 

geometric 
structure!



Raw Data Graph Repr. Adjacency Matrix
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Figures from Distill

https://distill.pub/2021/gnn-intro/


Key challenges of graph data

1. Complex geometric structure
(often no straightforward notions of spatial locality)

2. Inherent symmetries lead to non-unique representations
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f : R|V|⇥|V| ! Rd f(PAP>) = f(A), 8P 2 P
g : R|V|⇥|V| ! R|V|⇥d g(PAP>) = Pg(A), 8P 2 P

<latexit sha1_base64="iGuRbpblNS5M9CpoX+BFuXWP0Cc="></latexit>

Graph-level 
functions must be 
invariant to node 

permutations

?



function on 
permuted adjacency 

matrix
=

function on original 
adjacency matrix

Key challenges of graph data

1. Complex geometric structure
(often no straightforward notions of spatial locality)

2. Inherent symmetries lead to non-unique representations
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f : R|V|⇥|V| ! Rd f(PAP>) = f(A), 8P 2 P
g : R|V|⇥|V| ! R|V|⇥d g(PAP>) = Pg(A), 8P 2 P

<latexit sha1_base64="iGuRbpblNS5M9CpoX+BFuXWP0Cc="></latexit>

?



Node-level functions 
must be equivariant 

to node 
permutations

Key challenges of graph data

1. Complex geometric structure
(often no straightforward notions of spatial locality)

2. Inherent symmetries lead to non-unique representations
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f : R|V|⇥|V| ! Rd f(PAP>) = f(A), 8P 2 P
g : R|V|⇥|V| ! R|V|⇥d g(PAP>) = Pg(A), 8P 2 P

<latexit sha1_base64="iGuRbpblNS5M9CpoX+BFuXWP0Cc="></latexit>

?



permutation of input
=

equivalent 
permutation applied 

to output

Key challenges of graph data

1. Complex geometric structure
(often no straightforward notions of spatial locality)

2. Inherent symmetries lead to non-unique representations
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f : R|V|⇥|V| ! Rd f(PAP>) = f(A), 8P 2 P
g : R|V|⇥|V| ! R|V|⇥d g(PAP>) = Pg(A), 8P 2 P

<latexit sha1_base64="iGuRbpblNS5M9CpoX+BFuXWP0Cc="></latexit>

?



Data invariance & equivariance
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Illustration credit : Maurice Weiler

https://maurice-weiler.gitlab.io/blog_post/cnn-book_1_equivariant_networks/


Isomorphism is often a bottleneck

• Even determining whether two graphs are the same
(isomorphism testing) is computationally difficult!
• “NP-indeterminate” problem 
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min
P2P

kA1 �PA2P
>k ?

= 0
<latexit sha1_base64="j1028zNoajIO8OeippCiPn9tZlI="></latexit> =?=

Does there exist a permutation matrix 
such that 

the adjacency matrix of graph one
equals

a permutation of  the adjacency matrix of graph two?



Early Methods
Node Embeddings and Graph Kernels

17



Classic approach: Node Embeddings

• Goal is to encode nodes so that
similarity in the embedding space (e.g., dot product) 
approximates similarity in the original graph
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similarity(u, v) ⇡ z>v zu

Illustration credit : Stanford CS224W

http://web.stanford.edu/class/cs224w/


Node embeddings

• Traditional node embedding approaches use
a shallow encoder: encoder is just an embedding-lookup

19

one column per node 

Z = Dimension 
(i.e., size) of 
embeddings

embedding 
matrix

embedding vector 
for a specific node

matrix, each column 
is node embedding
[what we learn!]

indicator vector, all 
zeroes except one 
indicating node v 

enc(v) = Zv

Z 2 Rd⇥|V|

v 2 I|V|

Illustration credit : Stanford CS224W

http://web.stanford.edu/class/cs224w/


Node embeddings: Examples

• Adjacency-based similarity (HOPE; Ou et al. 2016): 

• Random-walk based similarity (DeepWalk; Perozzi et al. 2014):

20

z>u zv ⇡ Ak[u, v]
<latexit sha1_base64="zgwz+9NCzCcyTReUSFte2VyyzvY="></latexit>

kth power of the adjacency matrix
=

# walks of length-k between u and v

probability that u and v co-
occur on a random walk 

over the network
z>u zv ⇡

Source: Perozzi et al. (2014) 



Limitations of traditional node 
embeddings

1. O(|V|) parameters are needed:
There is no parameter sharing and every node has its own unique 
embedding vector

2. Inherently “transductive”:
Cannot generate embeddings for nodes that were not seen during 
training

3. Does not incorporate node features:
Many graphs have features that we can and should leverage

21



Towards Graph Neural Networks

22

enc(v) = f(A,X)
<latexit sha1_base64="D3a1wMYROcD2cgMVvDwu2m5IwSU="></latexit>

Embedding matrix, each 
column is node embedding 

indicator vector for node v 

enc(v) = Zv

Z 2 Rd⇥|V|

v 2 I|V|

A 2 R|V|⇥|V|
<latexit sha1_base64="x2kJigOaqjvQZbAbmG0rha5qYBc="></latexit>

X 2 R|V|⇥d
<latexit sha1_base64="OjuY4KCBuOTDgpHocNWGqneW4qU="></latexit>

adjacency matrix for the 
graph

matrix of node features

Traditional node embeddings
Encoder is just a shallow lookup from an 

embedding matrix

Graph neural networks
Encoder is complex function of graph 

structure and node features



Graph Neural Networks
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• Images as graphs: Filters capture neighborhood on a grid graph

• GNNs generalize this intuition to general graphs
• Challenge: neighborhoods look di_erent!

24
Image from Distill

Intuition: Convolutional Networks

https://distill.pub/2021/gnn-intro/


Graph Neural Networks

• Most GNNs are based on the idea of iterative neighborhood 
aggregation, a.k.a. Message Passing

25

u0

Layer 1

u1

u1	:=	f1	(	u0	,	neighbors(u)	)
the update is done

in parallel for all nodesIllustration credit: Ladislav Rampášek



Graph Neural Networks

• Most GNNs are based on the idea of iterative neighborhood 
aggregation, a.k.a. Message Passing

26

u0

Layer 1

u1

u1	:=	f1	(	u0	,	neighbors(u)	)
the update is done

in parallel for all nodes

Layer 2

u2u2

u2	:=	f2	(	u1	,	neighbors(u)	)

Illustration credit: Ladislav Rampášek



The family of MPNNs
• Message Passing Neural Networks (MPNN)

are a general class of GNNs

27

Information aggregated from 
neighboring nodes

(sometimes called the “messages” 
from the neighbors)



The family of MPNNs
• Message Passing Neural Networks (MPNN)

are a general class of GNNs

28

Information aggregated from 
neighboring nodes

(sometimes called the “messages” 
from the neighbors)

Combined “new” embedding of 
this node with the previous layer



The family of MPNNs
• Message Passing Neural Networks (MPNN)

are a general class of GNNs

29

Updated node embedding

Information aggregated from 
neighboring nodes

(sometimes called the “messages” 
from the neighbors)

Combined “new” embedding of 
this node with the previous layer



The basic Graph Neural Network
• A “basic” GNN (Scarselli et al., 2008)

30

sum of neighbor’s previous 
layer embeddings

Initial “layer 0” embeddings 
are equal to node features

kth layer 
embedding 

of v
non-linearity
(e.g., ReLU)

previous layer 
embedding of u

h(0)
u = xu

<latexit sha1_base64="QfhycoIOZwdWpdNFuy6XLPXE9bY=">AAACCnicbZDLSsNAFIYn9VbrLerSzWgR6qYkVdCNUHTjsoK9QBvDZDpph04mYWYilpC1G1/FjQtF3PoE7nwbJ20Ebf1h4Oc75zDn/F7EqFSW9WUUFhaXlleKq6W19Y3NLXN7pyXDWGDSxCELRcdDkjDKSVNRxUgnEgQFHiNtb3SZ1dt3REga8hs1jogToAGnPsVIaeSa+70AqaHnJ8PUjW+TinWUwnP4A+81dM2yVbUmgvPGzk0Z5Gq45mevH+I4IFxhhqTs2laknAQJRTEjaakXSxIhPEID0tWWo4BIJ5mcksJDTfrQD4V+XMEJ/T2RoEDKceDpzmxHOVvL4H+1bqz8MyehPIoV4Xj6kR8zqEKY5QL7VBCs2FgbhAXVu0I8RAJhpdMr6RDs2ZPnTatWtY+rteuTcv0ij6MI9sABqAAbnII6uAIN0AQYPIAn8AJejUfj2Xgz3qetBSOf2QV/ZHx8A+C9mmE=</latexit>



Graph Attention Networks (GATs)
• Aggregating with self-attention (local Transformer on graphs), 

Veličković et al. (2018)

31

aggregate({h(k)
v , 8v 2 N (u)}) =

X

v2N (u)

↵(h(k)
u ,h(k)

v )h(k)
v

<latexit sha1_base64="yciZ4vuPGNQ/cPTw0q9953fRIF8="></latexit>

Pair-wise
node attention to 

reweight messages 
from the neighbors

Multi-head attention
(like in Transformers)

Illustration credit: Veličković et al. (2018) 



Generalized neighborhood aggregation

• Aggregating more complex transformations of the neighbor 
features, as in Hamilton et al. (2017)’s GraphSAGE: 

32

aggregate({h(k)
v , 8v 2 N (u)}) = 1

|N (u)|
X

v2N (u)

MLP(h(k)
v )

<latexit sha1_base64="a3vO9oABQWA0yLICeo1zCGrxz6I="></latexit>

Explore the neighborhood
(e.g., random walks) and 

aggregate with e.g. MLP or RNN 
instead of sum or average

Illustration credit: Hamilton et al. (2017) 



List of most popular MPNNs

ØGCN: Graph Convolutional Network (Kipf and Welling, 2017)
ØGAT: Graph Attention Network (Veličković et al., 2018)
ØGatedGCN: Residual Gated Graph ConvNets (Bresson & Laurent, 

2018)
ØGIN: Graph Isomorphism Network (Xu et al., 2018)

33
Illustration credit: Hamilton et al. (2020) 



A few useful tricks

• Include edge and/or graph-level features during message-passing
(e.g., Battaglia et al., 2018)

• Residual connections between layers, GraphNorm, …

• Jumping knowledge (JK) connections (Xu et al., 2018):

34

Instead of using the final GNN layer 
output as the node embeddings

Define the node embeddings as a function of the 
representations at all intermediate layers!

zu = h(K) zu = f([xu,h
(1)
u , ...,h(K)

u ])
<latexit sha1_base64="AC0OhS/h0itZhMtpjoAEL//BQXE="></latexit>



Advantages of MPNNs

1. Number of parameters is independent of the graph size:
The parameters in the GNN layers depend only on the dimension 
of the feature inputs

2. Inherently “inductive”:
After training GNNs can be used to infer embeddings on unseen 
graphs

3. Naturally incorporate node features:
GNNs learn by aggregating node features over local 
neighborhoods

35



• After 𝐿 message-passing 
layers, we get embeddings 
ℎ𝑢𝐿	at each u
• How to convert to a final 

prediction?
• Use a readout layer, aka 

prediction/output heads

36

Graph-level task:

Node-level task:

Edge-level task:

Readout layer



Graph classification: Node pooling

• Pool node embeddings   get embedding for the whole graph
• The pooling function must be invariant w.r.t. node ordering
• Sum pooling: simply sum the node embeddings:

37

Embedding for the 
entire graph

Sum over all the node 
embeddings in the 

graph

zG =
X

v2V
h(K)
v

<latexit sha1_base64="QzmDbsDQJaYAwLOfxMcAw6cyDH0="></latexit>



Graph classification: Node pooling

• Hierarchical pooling (e.g., Ying et al. (2018)’s DiffPool)
1. Coarsen graph by clustering or removing nodes based on their embeddings
2. Run another GNN on coarsened graph
3. Repeat until graph is just a single node (or use a final sum pooling layer)

38
Illustration credit: Ying et al. (2018) 



Summary of MPNNs

• MPNN = GNN based on “Neural Message Passing” paradigm
• A layer of MPNN is principally composed from:

• Message block: computes a message along an edge between nodes u and v
• Aggregation block: pools all incoming messages from the neighborhood of u
• Update block: combines node representation with the neighborhood info

• With appropriate “readout” block, MPNN can be trained end-to-end for any 
of the 3 graph tasks (node, link, or graph –level prediction)
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Graph Convolutions
A Spectral Perspective

40



Deep Learning success on Euclidean 
domains

• What geometric structure in images, speech, 
video, text, is exploited by CNNs?

41

Audio signalsText Images



Key properties of CNNs

Convolutional (Translation invariance)
Scale Separation (Compositionality)
Filters localized in space (Deformation Stability)
𝑂(1)	parameters per layer (independent of input image size 𝑛)
𝑂(𝑛)	complexity per layer (filtering done in the spatial domain)

42Illustration credit : Dumoulin & Visin (2016)

https://arxiv.org/abs/1603.07285


Key properties of CNNs

☺Convolutional (Translation invariance)
☺Scale Separation (Compositionality)
☺Filters localized in space (Deformation Stability)
☺𝑂(1)	parameters per layer (independent of input image size 𝑛)
☺𝑂(𝑛)	complexity per layer (filtering done in the spatial domain)

43

Can we extend convolutions 
to the graph domain?

How do the GNNs we just saw 
fit into this?

Illustration credit : Dumoulin & Visin (2016)

https://arxiv.org/abs/1603.07285


Convolutions
• Mathematical operation on two functions that 

expresses how the shape of one is modified by 
the other
• Amount of overlap of one function as it is 

shifted over another
• This makes them great feature extractors via 

template matching

44

Illustration credit : Wikimedia Commons

https://en.wikipedia.org/wiki/Convolution


Convolutions

• Convolution as template matching:

45Illustration credit : Dumoulin & Visin (2016)

https://arxiv.org/abs/1603.07285


Convolutions & the Fourier Transform

• The Convolution Theorem states that the Fourier transform of the 
convolution of two functions is the pointwise product of their 
Fourier transforms:

• In general, the Fourier transform has 𝑂(𝑛2)	complexity, but if the 
domain is a grid, then the complexity can be reduced to 
𝑶(𝒏	log 𝒏)	with FFT
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Convolutions & the Fourier Transform

• FT decomposes a signal into frequency components
• A mapping from “time domain” to “frequency” domain… 
• … but wait – what do these even mean on a static graph?

• Our signals are defined over nodes instead

47Illustration credit: Wikimedia Commons Illustration credit: Semih Cantürk

https://en.wikipedia.org/wiki/Convolution


GNNs and graph convolutions

• Intuition: The aggregation over node neighbors in a GNN is akin to 
a “center-surround” convolutional filter

• Theory (at a high-level): GNNs can be derived as a generalization 
of convolutions to the graph domain, based on graph Fourier 
analysis

48Illustration credit : Stanford CS224W

http://web.stanford.edu/class/cs224w/


Graph Fourier analysis 
• Fact 1: We can define the Laplacian operator for a graph

49

Symmetric 
normalized 
Laplacian

Hamilton, 2020. “Graph Representation Learning”
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Intuition: This Laplacian operator measures how much a signal 
di_ers between a node and its immediate neighborhood



Graph Fourier analysis 
• Fact 1: We can define the Laplacian operator for a graph
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Symmetric 
normalized 
Laplacian

Hamilton, 2020. “Graph Representation Learning”
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Symmetric normalized
adjacency matrix

Lsym = I�D� 1
2AD� 1

2

= I�Asym
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Intuition: This Laplacian operator measures how much a signal 
differs between a node and its immediate neighborhood



Graph Fourier analysis 
• Fact 1: We can define the Laplacian operator for a graph
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Symmetric 
normalized 
Laplacian

Hamilton, 2020. “Graph Representation Learning”
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= I�Asym
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𝑥	 ∈ 	ℝ%  by the Laplacian

Lsymx[u] =
X

v2N (u)

x[u]� x[v]p
dudv
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Intuition: This Laplacian operator measures how much a signal 
differs between a node and its immediate neighborhood



Graph Fourier analysis 

• Fact 2: The (generalized) eigenfunctions of the Laplace operator 
on Euclidean space are the Fourier modes (i.e., sinusoidal plane 
waves)

• Fourier analysis in Euclidean space involves projecting an input 
signal onto the eigenbasis of the Laplace operator

52

Hamilton, 2020. “Graph Representation Learning”

x̂ = GFT(x) = U>x where Lsym = U⇤U>

x = GFT�1(x̂) = Ux̂
<latexit sha1_base64="WPsB5Ro/vv1yykpnPBRMeHkRg20="></latexit>



Graph Fourier analysis 
• Key idea: Define the graph Fourier transform (GFT) by representing 

a signal in the eigenbasis of the graph Laplacian:

53

Hamilton, 2020. “Graph Representation Learning”

Graph Fourier 
transform (GFT) 

of a signal 
𝒙 ∈ ℝ &  on the 
nodes of graph 

Multiplication by the inverse Laplacian eigenvectors.

x̂ = GFT(x) = U>x where Lsym = U⇤U>

x = GFT�1(x̂) = Ux̂
<latexit sha1_base64="WPsB5Ro/vv1yykpnPBRMeHkRg20="></latexit>

Inverse graph Fourier transform 

x̂ = GFT(x) = U>x where Lsym = U⇤U>

x = GFT�1(x̂) = Ux̂
<latexit sha1_base64="WPsB5Ro/vv1yykpnPBRMeHkRg20="></latexit>

Key interpretation:

Laplacian eigenvectors = Fourier basis
Laplacian eigenvalues = Frequencies 



Graph Fourier analysis 
• Key idea: Define the graph Fourier transform (GFT) by representing 

a signal in the eigenbasis of the graph Laplacian:

• A graph convolution can then be defined by element-wise 
multiplication in the graph Fourier domain:

54

Graph Fourier 
transform (GFT)

Inverse graph Fourier transform 

Convolution of a 
signal 𝒙 ∈ ℝ &  by 

a filter f ∈ ℝ &  

Element-wise multiplication between 
GFT of the signal and a filter

Representation of a filter as a 
diagonal matrix of frequencies

x̂ = GFT(x) = U>x where Lsym = U⇤U>

x = GFT�1(x̂) = Ux̂
<latexit sha1_base64="WPsB5Ro/vv1yykpnPBRMeHkRg20="></latexit>

x ?G f = U
�
U>x �U>f

�

= U
⇣
x̂⇥ diag(f̂)

⌘

<latexit sha1_base64="QFgW6IchVh5tiC5WBY8VwqPsd2A="></latexit>

Hamilton, 2020. “Graph Representation Learning”

Multiplication by the inverse Laplacian eigenvectors



Graph Fourier analysis: Examples

55Illustration credit: Bronstein et al. (2017)

https://ieeexplore.ieee.org/document/7974879


Connecting Spectral Convolutions and GNNs

• In practice, we can define graph convolutions as multiplications 
by polynomials of the (normalized) adjacency matrix, since

56

Any polynomial of the adjacency matrix can be 
simultaneously diagonalized (i.e., share the same 
eigenvectors) with the Laplacian 

p(Asym) = Up0(⇤)U�1 where Lsym = U⇤U�1

)p(Asym)x = Up0(⇤)U�1x
<latexit sha1_base64="ejpNRw39OvLc6CR3hTuevTguOEc="></latexit>
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Connecting Spectral Convolutions and 
GNNs

• In practice, we can define graph convolutions as multiplications by 
polynomials of the (normalized) adjacency matrix, since

57

Multiplying a signal by a polynomial of the adjacency matrix is equivalent to 
multiplying the graph Fourier transform of that signal 
by a diagonal matrix (i.e. performing an elementwise multiplication)
and then performing an inverse graph Fourier transform

p(Asym) = Up0(⇤)U�1 where Lsym = U⇤U�1

)p(Asym)x = Up0(⇤)U�1x
<latexit sha1_base64="ejpNRw39OvLc6CR3hTuevTguOEc="></latexit>
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Connecting Spectral Convolutions and 
GNNs

• In practice, we can define graph convolutions as multiplications by 
polynomials of the (normalized) adjacency matrix, since

58

p(Asym) = Up0(⇤)U�1 where Lsym = U⇤U�1

)p(Asym)x = Up0(⇤)U�1x
<latexit sha1_base64="ejpNRw39OvLc6CR3hTuevTguOEc="></latexit>
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Multiplying by a polynomial of the adjacency matrix 

gives a valid graph convolution x ?G f = U
�
U>x �U>f

�

= U
⇣
x̂⇥ diag(f̂)

⌘
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x ?G f = U
�
U>x �U>f

�

= U
⇣
x̂⇥ diag(f̂)

⌘
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p(Asym) = Up0(⇤)U�1 where Lsym = U⇤U�1

)p(Asym)x = Up0(⇤)U�1x
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Comparing the perspectives: Basic 
MPNN

59Degree 1 polynomial filter 𝑝 𝐀sym 	: 1-hop

Graph signal to convolve: node embeddings
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Summary of Convolutional View

• GNNs can be derived as a generalization of convolutions to the 
graph domain, based on graph Fourier analysis

• Multiplying by a polynomial of the adjacency matrix gives a valid 
graph convolution

• We can do convolutions also in the spectral domain, instead of the 
graph domain, however without “tricks” it is too expensive

• Both graph domain and spectral domain filtering is an active area of 
research
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Graph Isomorphism and 
Expressivity
What functions can GNNs represent?

61



Weisfeiler-Lehman algorithm
• The WL algorithm is used to extract a discrete feature vector for a 

graph, which can be used to test if two graphs are isomorphic

62

WL Algorithm
• Initialize each node by the same color.
• For t=1..T:

• For each node:
• New label ← 
 hash (multiset of labels in 

local neighborhood)
• Represent graph has multiset of labels 

obtained after T iterations

Illustration credit: Bronstein et al. (2021)

https://geometricdeeplearning.com/


Weisfeiler-Lehman and GNNs

• GNNs can be viewed as a continuous and differentiable version of 
the WL test!

63

WL Coloring Algorithm GNN Message Passing

• Initialize each node with a 
discrete label

• For each node:
• New label ← 

         hash(multiset of labels in 
                 local neighborhood)

• Initialize each node with a 
continuous embedding 

• For each node:
• New embedding ← 

         NN(set of embeddings in
               local neighborhood)



1-WL Isomorphism Test & Limitations

• Graph isomorphism is hard!
• 1-WL test fails to distinguish some 

pairs of non-isomorphic graphs (e.g, 
regular graphs)
• A vanilla message-passing GNN also 

cannot distinguish such graphs!

64

?

Illustration credit: Sato (2020)Illustration credit: Arnaiz-Rodríguez & Velkinger (2024)

https://arxiv.org/abs/2003.04078
https://icml2024graphs.ameyavelingker.com/
https://icml2024graphs.ameyavelingker.com/
https://icml2024graphs.ameyavelingker.com/


1-WL Limitations

65Illustration credit: Sato (2020)

https://arxiv.org/abs/2003.04078


How to Enhance Expressivity?
• Most standard GNNs limited by 1-WL graph isomorphism test
• Ways to improve GNN expressivity:
• Add features: Easiest way --  even random features breaks symmetries & 

distinguish/count local structures
• Positional/structural encodings! More on that later…

• Modulate message-passing: E.g. anisotropic message aggregation like 
GAT/attention
• Modify underlying graph: k-GNNs, graph transformers, expander graphs, 

graph rewiring strategies
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More Resources
• Distill: Intro to GNNs, Convolutions on graphs. 
• Excellent introductory material with interactive visualizations

• PyG Docs: Colab notebooks & video tutorials
• More content available in the main documentation directory

• ICML 2024 Graph Learning Tutorial
• Similar introductory content, but (a) less applications & no coding 

content, but (b) goes deeper into specific challenges in graph learning

• William L. Hamilton’s GRL book, GRL keynote talk
• Geometric Deep Learning Course: Book, Keynote, Lectures
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https://distill.pub/2021/gnn-intro/
https://distill.pub/2021/understanding-gnns/
https://pytorch-geometric.readthedocs.io/en/latest/get_started/colabs.html
https://pytorch-geometric.readthedocs.io/en/latest/index.html
https://icml.cc/virtual/2024/tutorial/35233
https://www.cs.mcgill.ca/~wlh/grl_book/files/GRL_Book.pdf
https://www.cs.mcgill.ca/~wlh/grl_book/files/hamilton_grl_talk.mp4
https://geometricdeeplearning.com/


Live coding: 
Building 
GNNs with 
PyG 
[Link]
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https://colab.research.google.com/drive/11M2S4fPrsZhv_h_d0xBkk6NuQmO4dRPE?usp=sharing


Part II
Challenges in Graph Learning
(and How to Solve Them)

69



Part II: Outline

Caveats of Message 
Passing Neural 

Networks

• Under-reaching
• Over-smoothing
• Over-squashing

Solutions

• Rewiring
• Advanced GNNs
• Graph Transformers

70



Message Passing Neural 
Networks (MPNN)
• Features at each node 𝑥', maybe also each edge 𝑒'→)

• Message from node 𝑗 to node 𝑖: 𝑚)→' = 𝑓*(𝑥) , 𝑥' , 𝑒)→') 

• New features 𝑥'+ = 𝑓,(𝑥' , ∑
)
𝑚)→')  for some NN 𝑓,

7
1



Some 
Parameters
1. Graph Diameter (d)

2. Problem Radius (r ≦ d)

• Local dependencies
• Long range dependencies

3. Reach capacity of GNN (k)

• Number of layers in MPNNs

d=6

0

r=1

72

Figure from: https://en.wikipedia.org/wiki/Diameter_(graph_theory)



Under- 
reaching

Long-range 3D atomic contact not captured by the 
structure 
[Dwivedi et al., 2022] 

7
3



Under-reaching
• Problem

• Nodes can only access information within k hops (limited 
receptive field).

• Information cannot propagate beyond k GNN layers.
• If k < r (where r = problem radius), the model under-reaches.

• Implications
• Long-range dependencies are missed.
• r often grows with graph size → required k scales with graph.

• Solution
• Stack more layers (k > r) to enable information exchange across 

distant nodes.  

Distance = 11

⚠ Spoiler alert: there are some consequences
74

Figure from: https://www.wolfram.com/language/12/molecular-structure-and-
computation/molecule-graphs.html.en 



Over-smoothing
With many stacked layers, node embeddings become indistinguishable.

75
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Over-smoothing in GNNs
• Problem
• Stacking many GNN layers → node embeddings become 

indistinguishable
• Cause
• Too much mixing of information
• Depends on:

• Graph connectivity (G)
• GNN architecture

• Key properties
• Independent of problem radius (not about k < r)
• Leads to convergence of embeddings across all nodes

• Takeaway
• More layers ≠ more expressive → risk of over-smoothing

&
𝑢𝑣 ∈"

∣ ℎ#$ − ℎ%$ ∣→ 0 as 𝑘 → ∞
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Figure and equation from: ICML 2024 tutorial on Graph Learning



Some over-smoothing 
solutions
• Architectural techniques

• Residual / skip connections → preserve raw node 
features across layers

• Normalization layers (BatchNorm, GraphNorm, 
PairNorm) & Regularization → stabilize training

• Jumping knowledge networks → adaptively combine 
representations from different layers

• Alternative designs
• Attention mechanisms → selective information 

propagation
• Hybrid Graph Filters → Low pass filters cause 

oversmoothing, combine them with band-pass filters 
(Graph Scattering)

77
Figure sources: 1. Li, Yaoman, and Irwin King. "Autograph: Automated graph neural network." International conference on neural information processing.
2. Zhao, Lingxiao, and Leman Akoglu. "Pairnorm: Tackling oversmoothing in gnns. (ICLR 202)
3. Eschenburg, et al. "Learning cortical parcellations using graph neural networks." Frontiers in neuroscience 15
4. Veličković, Petar, et al. "Graph attention networks."



Geometric scattering 
• Can we handle over-smoothing and 

under-reaching by better filter design?
• GCN filters: Low-pass filtering only
• GS based on graph diffusion wavelets : 

• Filters based on powers 2!	of the the lazy random walk matrix 
• Subtract these low-pass filters at different scales
• Capture information at different frequency bands

• Larger receptive fields resolve under-reaching
• Band-pass filtering avoids over-smoothing
• Hybrid scattering combines both low- and 

band-pass filters
78

Figures from: Fredrick Wenkel PhD thesis



Over-squashing

Information bottlenecks appear in the 
message passing process

Number of nodes in the receptive field 
increases exponentially with the depth

79
Figures from: 1. Alon et al. "On the bottleneck of graph neural networks and its practical implications.”
2. : ICML 2024 tutorial on Graph Learning



Over-squashing
• Problem

• Number of nodes in the receptive field grows exponentially with depth.
• Information from many distant nodes must be compressed into fixed-size node 

embeddings.
• Too much information needs to pass through a single node or a small number of nodes, 

causing information bottlenecks.
• Effects

• Information from distant nodes is lost or distorted.
• Long-range dependencies fail.

• Key takeaway
• Even with enough layers, bottlenecks limit effective information flow.
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Solutions to over-squashing
• Graph rewiring
• Add edges/nodes to bypass bottlenecks (e.g., 

curvature-based, spectral, or diffusion-based 
rewiring).
• Improves connectivity and reduces path lengths.

• Model capacity
• Increase hidden dimension size 

→ more room to encode distant information.
• Use attention to prioritize important signals.

• Advanced Architectures
• Higher order GNNs.
• Combining with spectral methods.
• Graph Transformers …

Spatio-Spectral Graph Neural Networks

Simon Geisler†, Arthur Kosmala†, Daniel Herbst, and Stephan Günnemann
Department of Computer Science & Munich Data Science Institute

Technical University of Munich
{s.geisler, a.kosmala, d.herbst, s.guennemann}@tum.de

Abstract

Spatial Message Passing Graph Neural Networks (MPGNNs) are widely used for
learning on graph-structured data. However, key limitations of ω-step MPGNNs
are that their “receptive field” is typically limited to the ω-hop neighborhood of
a node and that information exchange between distant nodes is limited by over-
squashing. Motivated by these limitations, we propose Spatio-Spectral Graph
Neural Networks (S2GNNs) – a new modeling paradigm for Graph Neural Net-
works (GNNs) that synergistically combines spatially and spectrally parametrized
graph filters. Parameterizing filters partially in the frequency domain enables
global yet efficient information propagation. We show that S2GNNs vanquish
over-squashing and yield strictly tighter approximation-theoretic error bounds
than MPGNNs. Further, rethinking graph convolutions at a fundamental level
unlocks new design spaces. For example, S2GNNs allow for free positional en-
codings that make them strictly more expressive than the 1-Weisfeiler-Leman
(WL) test. Moreover, to obtain general-purpose S2GNNs, we propose spectrally
parametrized filters for directed graphs. S2GNNs outperform spatial MPGNNs,
graph transformers, and graph rewirings, e.g., on the peptide long-range bench-
mark tasks, and are competitive with state-of-the-art sequence modeling. On a
40 GB GPU, S2GNNs scale to millions of nodes.

1 Introduction

Figure 1: S2GNN principle.

Spatial Message-Passing Graph Neural Networks (MPGNNs) ush-
ered in various recent breakthroughs. For example, MPGNNs are
able to predict the weather with unprecedented precision (Lam et al.,
2023), can be composed as a foundation model for a rich set of tasks
on knowledge graphs (Galkin et al., 2023), and are a key component
in the discovery of millions of AI-generated crystal structures (Mer-
chant et al., 2023). Despite this success, MPGNNs produce node-
level signals solely considering limited-size neighborhoods, effec-
tively bounding their expressivity. Even with a large number of
message-passing steps, MPGNNs are limited in their capability of
propagating information to distant nodes due to over-squashing. As
evident by the success of global models like transformers (Vaswani
et al., 2017), modeling long-range interactions can be pivotal and an
important step towards foundation models that understand graphs.

We propose Spatio-Spectral Graph Neural Networks (S2GNNs),
a new modeling paradigm for tackling the aforementioned limita-
tions, that synergistically combine message passing with spectral filters, explicitly parametrized in
the spectral domain. Spectral filters are virtually ignored by prior work but go beyond stacks of
message-passing layers or polynomial parametrizations. Due to message passing’s finite number

38th Conference on Neural Information Processing Systems (NeurIPS 2024). † equal contribution.
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Figures from: 1. Topping, Jake, et al. "Understanding over-squashing and bottlenecks on graphs via curvature."
2. : Geisler, Simon Markus, et al. "Spatio-spectral graph neural networks."



Graph rewiring
• Idea

• Modify graph edges to improve message passing.
• Helps connect distant nodes, reduce bottlenecks, and 

highlight relevant interactions.
• Types of Rewiring

• Spatial: add edges locally (within k-hop).
• Spectral: add edges based on global connectivity measures.

• Static vs Dynamic
• Static: rewiring fixed before training.
• Dynamic: edges updated during training, adapt to task.

• Benefit
• Mitigates over-squashing by improving long-range 

communication.
82

Figures from: 1 & 2. Topping, Jake, et al. "Understanding over-squashing and bottlenecks on graphs via curvature."



Advanced GNNs

• Higher order GNNs
• Hierarchical GNNs
• Adaptive Message Passing
• …

83
Figures from: 1. https://distill.pub/2021/gnn-intro/
2. :Errica, Federico, et al. "Adaptive message passing: A general framework to mitigate oversmoothing, oversquashing, and underreaching."



Higher Order GNNs
• Motivation

• Standard GNNs operate on pairs of nodes (edges).
• Higher-order GNNs extend message passing to k-tuples of nodes.
• Captures richer relational structures (motifs, subgraphs, hyperedges).

• Examples
• 2-WL GNNs: work on pairs of nodes, more expressive than standard MPNNs.
• Subgraph GNNs: operate on induced subgraphs around nodes or edges.

• Key advantage
• Higher expressive power → can distinguish graphs that standard GNNs cannot (e.g., 

certain regular graphs).
• Gives a richer communication channel that bypasses narrow single-edge 

bottlenecks.
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Hierarchical GNNs
• Motivation

• Capture information at different levels of granularity
• From small neighborhoods → larger scale structures

• Methods
• Graph clustering: group nodes into clusters
• Combine original nodes and cluster-level nodes
• Multi-level hierarchy possible (recursive clustering)

• Advantages
• Long-distance nodes become closer in higher levels
• Improves efficiency and long-range information flow
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Adaptive GNNs
• Motivation

• Not all nodes need to send/receive messages in every 
round.

• Each node can act as sender, receiver, both, or nothing.
• Methods

• Train an auxiliary GNN to decide when to pass messages.
• Introduce half-hop nodes for flexible communication.

• Advantages
• Receptive fields grow adaptively and controllably.
• Enables deeper GNNs while limiting unnecessary message 

passing.
• Focuses long-path communication only where needed.

86
Figure from: Azabou, Mehdi, et al. "Half-hop: A graph upsampling approach for slowing down message passing."



Summary of challenges
• Propagation limits

• Information flows only along graph edges → hard to 
capture long-range dependencies

• Solution: deeper GNNs (more layers)
• Over-smoothing

• Too many layers → node features become 
indistinguishable

• Solutions: residual/skip connections, normalization, 
jumping knowledge, alternative designs

• Over-squashing
• Graph bottlenecks restrict information flow
• Large receptive fields → information over-compressed 

into embeddings
• Solutions: graph rewiring, larger hidden dimensions, 

advanced architectures (e.g., higher-order, attention-
based) 87



Graph Transformers
An alternative to MPNNs?

88



Graph 
Transformers

• Decoupling graph structure from the computation graph

89
Figure from: How to Build Graph Transformers with O(N) Complexity, Qitian Wu, Medium blog post, with some modification



Transformers
• LLM era: Next token prediction based on a past 

context window
• Key element: “Attention is All You Need!”
• All pair attention mechanism!

• Sequence of words: aka line graph
• Dense attention

90

Scaled Dot-Product Attention Multi-Head Attention

Figure 2: (left) Scaled Dot-Product Attention. (right) Multi-Head Attention consists of several
attention layers running in parallel.

query with all keys, divide each by
p
dk, and apply a softmax function to obtain the weights on the

values.

In practice, we compute the attention function on a set of queries simultaneously, packed together
into a matrix Q. The keys and values are also packed together into matrices K and V . We compute
the matrix of outputs as:

Attention(Q,K, V ) = softmax(
QK

T

p
dk

)V (1)

The two most commonly used attention functions are additive attention [2], and dot-product (multi-
plicative) attention. Dot-product attention is identical to our algorithm, except for the scaling factor
of 1p

dk
. Additive attention computes the compatibility function using a feed-forward network with

a single hidden layer. While the two are similar in theoretical complexity, dot-product attention is
much faster and more space-efficient in practice, since it can be implemented using highly optimized
matrix multiplication code.

While for small values of dk the two mechanisms perform similarly, additive attention outperforms
dot product attention without scaling for larger values of dk [3]. We suspect that for large values of
dk, the dot products grow large in magnitude, pushing the softmax function into regions where it has
extremely small gradients 4. To counteract this effect, we scale the dot products by 1p

dk
.

3.2.2 Multi-Head Attention

Instead of performing a single attention function with dmodel-dimensional keys, values and queries,
we found it beneficial to linearly project the queries, keys and values h times with different, learned
linear projections to dk, dk and dv dimensions, respectively. On each of these projected versions of
queries, keys and values we then perform the attention function in parallel, yielding dv-dimensional
output values. These are concatenated and once again projected, resulting in the final values, as
depicted in Figure 2.

Multi-head attention allows the model to jointly attend to information from different representation
subspaces at different positions. With a single attention head, averaging inhibits this.

4To illustrate why the dot products get large, assume that the components of q and k are independent random
variables with mean 0 and variance 1. Then their dot product, q · k =

Pdk
i=1 qiki, has mean 0 and variance dk.

4

Figure 1: The Transformer - model architecture.

wise fully connected feed-forward network. We employ a residual connection [10] around each of
the two sub-layers, followed by layer normalization [1]. That is, the output of each sub-layer is
LayerNorm(x + Sublayer(x)), where Sublayer(x) is the function implemented by the sub-layer
itself. To facilitate these residual connections, all sub-layers in the model, as well as the embedding
layers, produce outputs of dimension dmodel = 512.

Decoder: The decoder is also composed of a stack of N = 6 identical layers. In addition to the two
sub-layers in each encoder layer, the decoder inserts a third sub-layer, which performs multi-head
attention over the output of the encoder stack. Similar to the encoder, we employ residual connections
around each of the sub-layers, followed by layer normalization. We also modify the self-attention
sub-layer in the decoder stack to prevent positions from attending to subsequent positions. This
masking, combined with fact that the output embeddings are offset by one position, ensures that the
predictions for position i can depend only on the known outputs at positions less than i.

3.2 Attention

An attention function can be described as mapping a query and a set of key-value pairs to an output,
where the query, keys, values, and output are all vectors. The output is computed as a weighted sum
of the values, where the weight assigned to each value is computed by a compatibility function of the
query with the corresponding key.

3.2.1 Scaled Dot-Product Attention

We call our particular attention "Scaled Dot-Product Attention" (Figure 2). The input consists of
queries and keys of dimension dk, and values of dimension dv . We compute the dot products of the

3

Figure from: 1. Vaswani et al. “Attention is All you Need”
2. Large Language Models: BERT — Bidirectional Encoder Representations from Transformer, Medium blog post by Vyacheslav Efimov



Graph 
Transformers
• Similar Attention 

mechanism
• Tokens:
• Nodes
• Edges
• Subgraphs
• …

S2293Attention-based graph neural networks: a survey  

1 3

features. By leveraging the full spectrum of the Laplacian, SAN (Kreuzer et al. 2021) 
can better detect similar sub-structures from their resonance with a fully-connected 
Transformer. Based on a batch of linkless subgraphs sampled from the original graph 
data, Graph-Bert (Zhang et  al. 2020a) learns the representations of the target node 
with the extended graph-transformer layers effectively. Graphormer (Ying et al. 2021) 
is also built upon the standard Transformer architecture for graph representation learn-
ing tasks. For the graph-level tasks, the positional encodings in Graphormer are three 
novel graph structural encodings including centrality encoding, spatial encoding, and 
edge encoding (Ying et al. 2021).

Some research studies have explored graph representation learning using spe-
cial mask mechanisms or higher-order Transformers. GTA (Seo et  al. 2021) affords 
the advantages of both graph and sequence representations by encouraging the graph 
neural network characteristics of the transformer architecture. In addition, GTA takes 
the distance matrix of a molecular graph and atom-mapping matrix as mask self-
attention and cross-attention. UniMP (Shi et al. 2021b) incorporates feature and label 
propagation at both training and inference time, taking feature embedding and masked 
label embedding as input information for propagation. Adopting the kernel atten-
tion approach to compute the pairwise weights, HOT (Kim et al. 2021b) generalizes 

Fig. 17  The architecture of Graph Transformers. The attention mechanism in Graph Transformers can be 
seen as a fully connected GAT 

Figure from: Sun, Chengcheng, et al. "Attention-based graph neural networks: a survey." Artificial intelligence 2023
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Updates across edges of input graph

✅ Captures inductive bias from input 
graph topology

✅ Efficient computation: 𝒪(𝑛𝑑- +𝑚𝑑)

❌ Difficulty with long-range 
dependencies

❌ Oversmoothing, oversquashing

Use global attention

✅ All-pair attention, no information 
bottleneck

✅ Long-range modelling

❌ Loss of inductive bias from graph

❌ Inefficient computation: 𝒪(𝑛𝑑- + 𝑛-𝑑)

• Usually in graphs 𝑚 ≪ 𝑛-

Graph TransformersMessage Passing

Message Passing vs. Graph Transformers

𝑛: number of nodes, 𝑚: number of edges, 𝑑: hidden dimension of the network



Positional and 
structural encodings
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Positional/
Structural 
Encodings

94
Figure from: GraphGPS: Navigating Graph Transformers, blog post by Michael Galkin



Positional Encodings (PE) for Sequences

95
Figure from: Jay Alammar. The Illustrated Transformer

PEs borrowed from NLP, where they denote the position of each word, making the embeddings of 
closer-by words more similar

https://jalammar.github.io/illustrated-transformer/
https://jalammar.github.io/illustrated-transformer/


Graph Positional and 
Structural Encodings

• Can provably improve expressive 
power of GNNs
• Organized into 3 categories 

based on their locality:
• Local
• Global
• Relative

96



Laplacian Eigenvectors and Eigenvalues

97
illustration: Kreuzer et al. Rethinking Graph Transformers with Spectral Attention, 2021
Belkin and Niyogi. Laplacian eigenmaps for dimensionality reduction and data representation, 2003

Laplacian eigenvectors = Fourier basis
Laplacian eigenvalues = Frequencies 



Many more: 
RWSE, HKSE, 
ElectrostaticSE
• RWSE: Random walk landing 
probabilities after  steps: 
Diagonal of RW matrix
• HKSE: Represents a Gaussian in 
Euclidean space, solves the 
diffusion equation
• ElstaticSE: Kernel based on the 
electrostatic interaction between 
nodes

98
Figure from: What is Node2Vec?, blog post by Neri Van Otten



GPSE
• Graph Positional and Structural 
Encoder (GPSE, Cantürk et al., 
2024): A self-supervised learning 
of various positional encodings.
• An MPNN leans to generate the 
positional encodings from 
Gaussian initializations

C.   Augment any graph dataset with GPSE encodings and train any GNN predictor from scratch

Graph 
Transformer 
or MPNN

LapPEk

B.   Self-supervised GPSE training to recover various PSEsA.   Graph Positional & Structural Encoder (GPSE) model

RWSEk

ElstaticPEk

Positional Encodings

Encodes positional information of 
each node in the graph.

LapPE: Laplacian eigenvectors

ElstaticPE: Electrostatic potentials

Structural Encodings
Encodes structural information of 
local contexts of each node, or the 
global context of the graph.

RWSE: Random walk diagonals

HKdiagSE: Heat kernel diagonals
CycleSE: Cycle counting

BN & MLP

MLP heads

Loss

Loss

Loss

EigValSE: Laplacian eigenvalues

…… …

…
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molhiv

MNIST
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Graph Transformers: Examples
GT / Graphormer / SAN / GraphGPS

100



Graph 
Transformers
• The first design by 

Dwivedi and Bresson, 
2021

101



Graphormer

102

At the time SoTA:

• OGB-LSC graph property

• Open Catalyst NeurIPS’21 Challenge

Positional Encodings used:

• Node centrality

• Spatial encoding: 
 shortest paths distances

• Edge encoding
 enc. edges on a shortest path 

Ying et al. Do Transformers Really Perform Bad for Graph Representation? NeurIPS 2021



Spectral Attention Network

103Kreuzer, Beaini et al. Rethinking Graph Transformers with Spectral Attention, 2021



GraphGPS
1. Positional and Structural Features

2. GPS layer: Combine MPNN and Transformer (Global Attention)

104

Rampášek, L., Galkin, M., Dwivedi, V. P., Luu, A. T., Wolf, G., & Beaini, D.
Recipe for a General, Powerful, Scalable Graph Transformer. NeurIPS 2022
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Updates across edges of input graph

✅ Captures inductive bias from input 
graph topology

✅ Efficient computation: 𝒪(𝑛𝑑- +𝑚𝑑)

❌ Difficulty with long-range 
dependencies

❌ Oversmoothing, oversquashing

Use global attention

✅ All-pair attention, no information 
bottleneck

✅ Long-range modelling

❌ Loss of inductive bias from graph

❌ Inefficient computation: 𝒪(𝑛𝑑- + 𝑛-𝑑)

• Usually in graphs 𝑚 ≪ 𝑛-

Graph TransformersMessage Passing

Message Passing vs. Graph Transformers

𝑛: number of nodes, 𝑚: number of edges, 𝑑: hidden dimension of the network



E1icient 
Transformers
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Updates across edges of input graph

✅ Captures inductive bias from input 
graph topology

✅ Efficient computation: 𝒪(𝑛𝑑- +𝑚𝑑)

❌ Difficulty with long-range 
dependencies

❌ Oversmoothing, oversquashing

Use global attention

✅ All-pair attention, no information 
bottleneck

✅ Long-range modelling

❌ Loss of inductive bias from graph

❌ Inefficient computation: 𝒪(𝑛𝑑- + 𝑛-𝑑)

• Usually in graphs 𝑚 ≪ 𝑛-

Graph TransformersMessage Passing

𝑛: number of nodes, 𝑚: number of edges, 𝑑: hidden dimension of the network

Message Passing vs. Graph Transformers



Efficient Graph Transformers
Sparse Transformers / Linear Transformers / Sampling

107



Scaling
• Typical transformer has O(N2) dependence 

– prohibitive for long sequences or large 
graphs
• Dense attention ⟶ efficient attention
• Sparse attention
• Low-rank attention
• Sampling based
• Different design

• Many efficient attention mechanisms 
proposed for sequence transformers

108

Y. Tay, M. Dehghani, D. Bahri, and D. Metzler. Efficient Transformers: A 
Survey. ACM Computing Survey, volume 55. 2022



Efficient 
Transformers 
for Graphs

• Sparse patterns
• Exphormer (Shirzad et al., 2023) → e^icient sparse 

attention pattern

• Low-rank / eLicient attention
• Nodeformer (Wu et al., 2023) → low-rank attention 

using kernelized Gumbel-Softmax. Inspired by 
Performer (Choromanski et al., 2021)

• DiSormer → di^usion-based attention
• Polynormer → polynomial + linear attention

• Sampling-based
• Gophormer (Zhao et al., 2021) → neighbor sampling 

strategy
• Spexphormer (Shirzad et al., 2024) → Importance 

Sampling + Exphormer

• Alternative designs
• NAGphormer (Chen et al., 2022) → k-hop 

neighborhood summary

• And many more…
109



Exphormer
Sparse attention pattern → reduces computation
Linear complexity with respect to the graph size
Virtual nodes → shrink graph diameter, enable long-range communication
Expander graphs → prevent over-squashing by improving information flow

110

Video source: https://research.google/blog/exphormer-scaling-transformers-for-graph-structured-data/



GT

Nodeformer
Why Attention is Quadratic

Att 𝑄 𝐾 𝑉 = softmax
𝑄𝐾"

𝑑#
𝑉

𝑄,𝐾, 𝑉 ∈ ℝ$×&, where 𝑛= number of nodes/tokens.
Computing 𝑄𝐾"gives an 𝑛×𝑛 matrix → 𝒪 𝑛'𝑑 .
Linear Attention

Att 𝑄 𝐾 𝑉 ≈ 𝜙 𝑄 (𝜙6𝐾)"𝑉)
Replace softmax with kernel feature map 𝜙 ⋅ .
Avoids explicit 𝑛×𝑛	matrix.
Complexity: 𝒪 𝑛𝑑' → linear in 𝑛.

111

Figures from: How to Build Graph Transformers with O(N) Complexity, Qitian Wu, Medium blog post



NAGphormer
Hop-to-token: convert k-hop neighborhoods into tokens.
Summarization: aggregate all nodes within distance k into a single 
embedding.
Attention: model interactions between different hop-level 
embeddings.

Published as a conference paper at ICLR 2023

Hop2Token

Attributed network

Token  0 1 …

Sequence of a node 

…

…

Attention layer

21

Output

2

0-hop

1-hop

2-hop

.…

Linear projection

Transformer backbone

Transformer encoder

Multilayer perceptron

Prediction  labels

…

Attention-based readout layer

Attention-based 
readout layer

Token  0 

Feature vectors

Figure 1: Model framework of NAGphormer. NAGphormer first uses a novel neighborhood aggre-
gation module, Hop2Token, to construct a sequence for each node based on the tokens of different
hops of neighbors. Then, NAGphormer learns the node representations using a Transformer back-
bone, and an attention-based readout function is developed to aggregate neighborhood information of
different hops adaptively. An MLP-based module is used in the end for label prediction.

vitskiy et al., 2021; Liu et al., 2021). Due to their great modeling capability, there is a growing
interest in generalizing Transformers to non-Euclidean data like graphs (Dwivedi & Bresson, 2020;
Kreuzer et al., 2021; Ying et al., 2021; Jain et al., 2021). However, graph-structured data generally
contain more complicated properties, including structural topology and attribute features, that cannot
be directly encoded into Transformers as the tokens.

Existing graph Transformers have developed three techniques to address this issue (Min et al., 2022):
introducing structural encoding (Dwivedi & Bresson, 2020; Kreuzer et al., 2021), using GNNs as
auxiliary modules (Jain et al., 2021), and incorporating graph bias into the attention matrix (Ying et al.,
2021). By integrating structural information into the model, graph Transformers exhibit competitive
performance on various graph mining tasks, and outperform GNNs on node classification (Kreuzer
et al., 2021; Chen et al., 2022) and graph classification (Ying et al., 2021; Jain et al., 2021) tasks on
small to mediate scale graphs.

In this work, we observe that existing graph Transformers treat the nodes as independent tokens and
construct a single sequence composed of all the node tokens to train the Transformer model, causing
a quadratic complexity on the number of nodes for the self-attention calculation. Training such a
model on large graphs will cost a huge amount of GPU resources that are generally unaffordable
since the mini-batch training is unsuitable for graph Transformers using a single long sequence as the
input. Meanwhile, effective strategies that make GNNs scalable to large-scale graphs, including node
sampling (Chen et al., 2018; Zou et al., 2019) and approximation propagation (Chen et al., 2020b;
Feng et al., 2022), are not applicable to graph Transformers, as they capture the global attention of all
node pairs and are independent of the message passing mechanism. The current paradigm of graph
Transformers makes it intractable to generalize to large graphs.

To address the above challenge, we propose a novel model dubbed Neighborhood Aggregation
Graph Transformer (NAGphormer) for node classification in large graphs. Unlike existing graph
Transformers that regard the nodes as independent tokens, NAGphormer treats each node as a
sequence and constructs tokens for each node by a novel neighborhood aggregation module called
Hop2Token. The key idea behind Hop2Token is to aggregate neighborhood features from multiple
hops and transform each hop into a representation, which could be regarded as a token. Hop2Token
then constructs a sequence for each node based on the tokens in different hops to preserve the
neighborhood information. The sequences are then fed into a Transformer-based module for learning
the node representations. By treating each node as a sequence of tokens, NAGphormer could be
trained in a mini-batch manner and hence can handle large graphs even on limited GPU resources.

Considering that the contributions of neighbors in different hops differ to the final node representation,
NAGphormer further provides an attention-based readout function to learn the importance of each
hop adaptively. Moreover, we provide theoretical analysis on the relationship between NAGphormer

2
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Updates across edges of input graph

✅ Captures inductive bias from input 
graph topology

✅ Efficient computation: 𝒪(𝑛𝑑- +𝑚𝑑)

❌ Difficulty with long-range 
dependencies

❌ Oversmoothing, oversquashing

Use global attention

✅ All-pair attention, no information 
bottleneck

✅ Long-range modelling

❌ Loss of inductive bias from graph

❌ Inefficient computation: 𝒪(𝑛𝑑- + 𝑛-𝑑)

• Usually in graphs 𝑚 ≪ 𝑛-

Graph TransformersMessage Passing

Message Passing vs. Graph Transformers

𝑛: number of nodes, 𝑚: number of edges, 𝑑: hidden dimension of the network
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Graph Transformers in 
Industry
• KumoRFM: A Large Relational 

Foundation Model 
• For large scale tabular graphs
• Generalizable for many different 

tasks
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Summary
Revolution
• Bring the success of Transformers to graph learning
• Decoupling graph structure from the computation graph
Challenges
• Loss of inductive bias

• Need positional and structural encodings
• Scalability issues

• Graphs are large → require efficient Transformers
• Explore alternative designs

• Hybrid Approaches
• Combine GNN message passing with Transformer 

attention
Industry Impact
• Deployed in large-scale systems (e.g., KumoRFM)
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More Resources
• Kumo AI: Graph Transformers blog post 
• Excellent introductory material with interactive visualizations

• Google Research: Blog post on Exphormer model
• ICML 2024 Graph Learning Tutorial
• Similar introductory content, but (a) less applications & no coding 

content, but (b) goes deeper into specific challenges in graph learning

• William L. Hamilton’s GRL book, GRL keynote talk
• Geometric Deep Learning Course: Book, Keynote, Lectures

117

https://kumo.ai/research/introduction-to-graph-transformers/
https://icml.cc/virtual/2024/tutorial/35233
https://www.cs.mcgill.ca/~wlh/grl_book/files/GRL_Book.pdf
https://www.cs.mcgill.ca/~wlh/grl_book/files/hamilton_grl_talk.mp4
https://geometricdeeplearning.com/


Live coding: 
Building 
Graph 
Transformers
[Link]
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https://colab.research.google.com/drive/1xcpv9z6cIqkbtUoz3CGrI90wrpOHNwB-?usp=sharing


Part III
Beyond Message Passing
New Research Areas & Applications
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Part III: Outline
1. Translational and Rotational Symmetries 
2. Geometric Generative Modeling

1. Background
2. Graph Generation
3. Protein Design Problem
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Roto-Translational Symmetries
Invariance & Equivariance over SO(3)/SE(3) 
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Data invariance & equivariance
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Data invariance & equivariance
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How to maintain invariance or equivariance with 
𝒙 − 𝒚 − 𝒛 coordinates as features?



GNN equivariance w.r.t.
specific transformations

• Equivariant models in some 
group of transformations (in 
addition to permutations)
• rotations:

 SO(3), SO(2), … 
• rotations + translations:

 SE(3)
• rotations + translations + 

reflections:
 E(n)

Figure from: Satorras et al. E(n) Equivariant Graph Neural Networks. ICML 2021
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E(n) Equivariant GNN

Equivariant to:
• rotations, translations, 

reflections and permutations

Applied to tasks such as:
• Simulation of N-body system 

dynamics
• In Quantum Chemistry (QM9)

Figure from: Satorras et al. E(n) Equivariant Graph Neural Networks. ICML 2021
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SE(3)-Transformer

• Spherical harmonics: Orthonormal basis for rotations in SO(3). Functions that project 3-
dimensional vectors into spherical tensors (equivariant)

• Radial NN: Uses RBFs to learn distance-based features (invariant)
• Clebsch-Gordon Coefficients: Physics-derived change-of-basis matrices to ensure 

invariant and equivariant weights

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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SE(3)-Transformer

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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SE(3)-Transformer

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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SE(3)-Transformer

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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SE(3)-Transformer

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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SE(3)-Transformer

• Each layer maps from a point cloud to a point cloud (or graph to 
graph) while guaranteeing equivariance.

• Attention weights (indicated by line thickness) are invariant w.r.t. 
input rotation, MPNN messages are equivariant

• Main idea: Obtain invariant/equivariant final node/graph level 
representations, apply usual prediction heads

Figure from: Fuchs et al. SE(3)-Transformers: 3D Roto-Translation Equivariant Attention Networks. NeurIPS 2020
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Live coding: 
SE(3)-
Transformer
[Link]
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https://colab.research.google.com/drive/11K6nL4QJ_o-IsArnM3jgb9U36Uz6sIkJ?usp=sharing


Geometric Generative 
Modeling: Background
Fundamentals of Diffusion & Flows
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Generative Models Beyond Images and Text

Scientific Data

SE(3) invariant 
Protein structure generation

Robotics Information Geometry

Fisher-Rao geometry
On the probability Simplex

SO(2) invariant 
Block stacking

Climate Modeling

Spherical Geometry 𝕊0

Image credit: Joey Bose
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Problem Setting: Generative Modeling

• Unknown: data distribution q

• Given: samples x* ∼ q

Image credit: Joey Bose
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• Unknown: data distribution q

• Given: samples x* ∼ q

𝑥9 ∼ 𝑞

ℝ!

Goal: learn a sampler from the unknown q

Problem Setting: Generative Modeling

Image credit: Joey Bose
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𝑥9 ∼ 𝑞

ℝ!

• Unknown: data distribution q

• Given: samples x* ∼ q

• Learn: neural network with parameters θ

(ψ1, p1)
Generative Model

Generator Underlying Density

Goal:  find parameters θ s.t. p1 ≈ q

Problem Setting: Generative Modeling

Image credit: Joey Bose
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• Coupling: Sample from a noise-data pair (X2, X3)

• Interpolation: Construct interpolation:
X: = tX9 + 1 − t X;

• Learn: neural network with parameters
Ż: = v:(Z:)

   by minimizing

min
<
9
;

9
𝔼(=!,=")[ Ẋ: − v:(X:)

>]

   where Ẋ4 =	X3 − X2 are the line directions.

Problem Setting: Generative Modeling

Image credit: https://rectifiedflow.github.io/
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Geometric Generative 
Modeling:
Graph Generation
Generating graph data with desired properties.
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Sequential Methods

GraphRNN: Add nodes one by one, each connects to 
previous nodes sequentially using an RNN

GRAN: Add nodes (or groups), then decide edges in 
parallel with a GNN

TD-Gen: Generate a tree decomposition first, map 
each tree node to a subgraph via GraphRNN-style 
process

HiGen: Hierarchical generation from coarse to fine, 
capturing global structure and local details 1

4
0



VAE and GAN based Approaches
GraphVAE:
Encode adjacency matrix into a latent space with a 
GNN
Decode back to reconstruct the graph
Challenge: permutation invariance ⇒ multiple valid 
reconstructions

Solution: high-complexity graph matching to align 
outputs

MolGAN:
GAN framework for molecular graphs
Learns graph distribution without explicit likelihood
Limitation: training instability, mode collapse issues

1
4
1



Permutation Invariant Graph Generation

When represented in adjacency matrices, one graph has up to O(n!) distinct representations.
Permutation invariance: how to let generative models treat as “equally likely to happen”?

Image credit: https://qiyan98.github.io/blog/2025/gen-graph
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Permutation Invariant Graph Generation

• Pipeline of denoising generative models (flow matching / diffusion) on graph data.

Image credit: https://qiyan98.github.io/blog/2025/gen-graph
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Permutation Invariant Graph Generation

Niu et al., Permutation invariant graph generation via score-based generative modeling. (AISTATS 2020)

• For generative models, we use the score function s X = ∇logp)(X).

1
4
4



𝑑𝑥H = 𝑓H(𝑥H)𝑑𝑡 + 𝑔H𝑑𝑤H
Forward
SDE

The Fokker-Planck Equation

𝜕6𝑝6 = −div(𝑝6𝑓6) +
1
2
𝑔60∇0𝑝6

Reverse
SDE 𝑑𝑥H = (𝑓H(𝑥H) − 𝑔HQ∇log𝑝H)𝑑𝑡 + 𝑔H𝑑𝑤H

The Score!

Data → Noise

Noise → Data

Sohl-Dickstein et al., Deep unsupervised learning using nonequilibrium thermodynamics. (ICML 2015)
Ho et at., Denoising Diffusion Probabilistic Models. (NeurIPS 2020)
Song et al., Score-Based Generative Modeling through Stochastic Differential Equations. (ICLR 2021)

Diffusion and Score Models

1
4
5



Permutation Invariant Graph Generation

Niu et al., Permutation invariant graph generation via score-based generative modeling. (AISTATS 2020)

• For generative models, we use the score function s X = ∇logp)(X).

• The (implicit) induced density function defined below is permutation invariant!

1
4
6



Permutation Invariant Graph Generation

• Open question: does it hinder or boost performance for graph generative 
models?
Recent counter-examples: AlphaFold 3, DiffAlign, SwinGNN, etc.

• AlphaFold 3: “The diffusion module operates directly on raw atom coordinates, 
and on a coarse abstract token representation, without rotational frames or 
any equivariant processing.”

1
4
7



More Resources
• UvA GeDL: Introduction to group equivariant deep learning

• Excellent lecture notes & resources
• Fabian Fuchs: AlphaFold 2 & Equivariance
• AlchemyBio: Deconstructing SE(3)-Transformer

• Very in-depth into the invariant/equivariant tools discussed
• LoG 2024: Geometric Generative Models Tutorial

• A very comprehensive tutorial our GGM notes are based on – goes into 
derivations of dihusion, flows and molecular applications

• Also has additional coding tutorials!
• Several extensive blog posts on diFusion/scores/flows:

• What are DiAusion Models?
• Building DiAusion Models’ theory from ground up
• Flow With What You Know
• A visual dive into conditional flow matching
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https://uvagedl.github.io/
https://fabianfuchsml.github.io/alphafold2/
https://alchemybio.substack.com/p/spherical-equivariant-graph-transformer
https://alchemybio.substack.com/p/spherical-equivariant-graph-transformer
https://alchemybio.substack.com/p/spherical-equivariant-graph-transformer
https://sites.google.com/view/ggm-log-tutorial/home
https://lilianweng.github.io/posts/2021-07-11-diffusion-models/
https://lilianweng.github.io/posts/2021-07-11-diffusion-models/
https://iclr-blogposts.github.io/2024/blog/diffusion-theory-from-scratch/
https://iclr-blogposts.github.io/2024/blog/diffusion-theory-from-scratch/
https://d2jud02ci9yv69.cloudfront.net/2025-04-28-flow-with-what-you-know-38/blog/flow-with-what-you-know/
https://d2jud02ci9yv69.cloudfront.net/2025-04-28-flow-with-what-you-know-38/blog/flow-with-what-you-know/
https://dl.heeere.com/conditional-flow-matching/blog/conditional-flow-matching/
https://dl.heeere.com/conditional-flow-matching/blog/conditional-flow-matching/
https://lilianweng.github.io/posts/2021-07-11-diffusion-models/
https://dl.heeere.com/conditional-flow-matching/blog/conditional-flow-matching/
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